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We investigate the N-dimensional fractional diffusion equation with radial symmetry by taking
time dependent boundary conditions and external forces into account in a confined region. A spatial
and time dependence on the diffusion coefficient is also considered. The results obtained show an

anomalous dispersion of the solutions and non-usual behaviour for the survival probability.
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1. Introduction

Typical diffusive phenomena found in usual diffu-
sion equation an appropriate description which has as
main characteristic the square mean displacement with
a linear dependence on time, i.e., {(r — (r))?) o< 1 [1].
This feature is deeply related to the central limit theo-
rem and also to the Markovian nature of this stochastic
process. However, a large number of experimental ob-
servations show that more complex processes, in which
the mean-square displacement is not proportional to
t, may also occur in nature. These situations can be
found, for instance, in atom deposition into a porous
substrate [2], diffusion of high molecular weight poly-
isopropylacrylamide in nanopores [3], highly confined
hard disk fluid mixtures [4], fluctuating particle fluxes
[5], conservative motion in a d = 2 periodic poten-
tial [6], transport of fluid in porous media, diffusion
on fractals [7], and many other interesting physical
systems.

Several formalisms [8—11] have been employed
to investigate these phenomena which present a non-
conventional diffusion process. One of them is based
on fractional diffusion equations [12 — 15], which have
been widely applied to different physical scenarios.
The advantage of these equations is the simple way

to deal with boundary values problems and incorpo-
rate forced fields which in other approaches can lead
to cumbersome situations. In addition, they may be re-
lated to continuous time random walk (CTRW) [16],
Langevin equations [17], and master equations [18].
These features associated to fractional diffusion equa-
tions have motivated the study of their solutions in
presence of, for instance, external forces [19-21],
spatial dependent diffusion coefficients [22], reaction
terms [23—26], cylindrical symmetry [27—-29], and
in confined regions [30—32]. Towards this direction,
we address this work to the investigation of the A~
dimensional fractional diffusion equation with radial
symmetry

o = [d’V D "nw !
Sepnn = (a7 (D) Tp(rs)
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where D(r,t) represents the diffusion coefficient,
F(r,t) is an external force acting on the system, and
0 < v <1 (subdiffusive case). The fractional time
derivative representation considered here is the Caputo
one [33] and the boundary conditions are p(a,f) =

0ulr) and p(b,) = 0y(r). where @,(r) and ¢y(r) are
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arbitrary time dependent functions. Consequently, the
system described by (1) is restricted to the region a <
r < b and subjected to time dependent boundary con-
ditions.

In order to investigate the solutions of (1) subjected
to time dependent boundary conditions, we use the
Green function approach [34]. The solutions obtained
within this formalism will be useful to investigate the
dynamic properties related to the system and, in par-
ticular, clarify the role of the surface on the diffusive
process. It is worth mentioning the importance of the
solutions of (1) as they may be used to investigate, for
example, adsorption-desorption processes with mem-
ory [35], situations characterized by reactive bound-
aries [36], and first time distribution in confined re-
gions [37]. We start the analysis by considering (1)
with D(r,t) = D(t)r~?, where D(t) ="'/ (n — 1)
with 11 > 0, in absence of external forces, i. ., F(r,t) =
0. The solution obtained for this case as a particu-
lar case results found in [30—-32] and may recover
for o¢ = 1 results found in [38] by taking the limit
a — 0 with p(b,t) = 0. In this context, we also an-
alyze the survival probability which for this case ex-
hibits an anomalous behaviour. Afterwards, we incor-
porate the external force F(r,1) = —(kr— K /r¢)F'(t)F,
where F'(1) =t""'/I"(n — 1) and € = 1 + 0, in our
analysis which is firstly addressed by considering k =0
and after this for the case k # 0. These developments
are reported in Section 2, while conclusions are pre-
sented in Section 3.

2. Fractional Diffusion Equation

Let us consider (1) without external forces subjected
to the time dependent boundary conditions p(a,t) =
@q(1) and p(b,t) = ¢,(¢), with the initial condition
given by an arbitrary function p(r,0) = p(r) which
is initially normalized, i.e., [;°drrN"!p(rt) = 1. By
also considering a spatial dependence on the diffusion
coefficient, i.e., it is given by D(r,t) = D(¢t)r~9, (1)
may be written as

a7 1
mp(r,t)z NI
(2)
! /a = ! 7179‘9 !
~/0 dr ﬁ(D(t—t)rN Ep(r,t))

with 0 < y< 1 and D(t) ="' /T"(n — 1). This equa-
tion extends the usual diffusion equation by incorpo-
rating fractional time derivatives and a spatial and time
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dependence on the diffusion coefficient. The spatial de-
pendence adopted for the diffusion coefficient has been
used to investigate several physical contexts such as
diffusion on fractals [7], turbulence [39], and fast elec-
trons in hot plasma in the presence of an electric field
[40]. A direct consequence of the extensions incorpo-
rated in (2) accomplishing time dependent boundary
conditions ¢@,(¢) and @(¢) is the anomalous spread-
ing of the distribution and the quantities related to
it. The solution anomalous behaviour is noticed by
the behaviour of the mean-square displacement 6> =
{(r — (r))?) when compared to the usual one. In ad-
dition, it is interesting to note that for a suitable time
dependence on the diffusion coefficient the solutions
may exhibit different diffusive regimes and the choice
of boundary conditions represents a key role regarding
the presence of stationary solutions which, in particu-
lar, are equal to the usual one. This last feature shows
that the fractional time derivative produces an anoma-
lous relaxation of the solution to the stationary state, in
contrast to the spatial fractional derivatives which lead
to Lévy like distributions.

In order to obtain the solution for (2) and investi-
gate the surface effect on the solution, i.e., how the
boundary conditions may change the relaxation of the
system, we use the Green function approach and the
Laplace transform. Applying the Laplace transform to
(2) and performing some calculations, it is possible to
show that the solution is given by

_ 1 b ! IN—1 /. N\~
p(rs)=—s dr'r G(r,r';s)p(r)

+D(s) {bNel O (s) %G(r, r'ss)

, 3)

r'=b

} bl
r'=a

where the last term represents the surface effect and
determines the existence of an stationary solution. The
Green function G(r,';s) present in above equation is
obtained by solving the equation

1 d/_ o1 d /.
N1, (D(s)r/v er(r,r,s))

1
_s’yG(r’ r,;s) = —’,\/\/—1 6(?’— r,)
subjected to the boundary conditions G(r, #';s)|,—, = 0
and G(r,7’;s)|r=¢ = 0. Equation (4) may be solved by
applying different procedures. We use the eigenfunc-
tions of Sturm-Liouville related to the spatial operator

—0— a 12
—aNP 1(pa(s)WG(r,r;s)

“)



E.K. Lenzi et al. -

of (4), i.e., the eigenfunctions which emerge from the
equation 9, (N0, y, (kn, 7)) = — k2N "Ny (K, )
with W, (kn,7)|r=a = Wn(kn,r)|,=» = 0. By employing
this procedure it can be shown that the Green function
for this case is given by

G(r,r';s) =

I v M (5)
246 Zl ST+ D(s)k2 Villn ' i, 7)

with

" (kn, r) _ r%(2+97/\/)

2k, Loy 2ky, Lio1e
'[J“'<2+er2( ' ))N“'<2+ea2( ) e

2kn Lot 2kn Linig
_J'“<2+0“2( ' ))N“'<2+e’"2( ik

where ot = N/(2+60) — 1, Jo(x) and Ny (x) are Bessel
functions of first and second species. The eigenvalues
k, are determined by using the equation

2ky lioig 2ky Loy
Ja|<2+9 7(2+ ))Na|<2+6a2( +6) "
g (PR seve) \N [ Hepiere) g
“\2+6 2+ 6
and
2k2
Np = . (8)

2 2ks ,1(240) 2kn 14246
J‘al(zwaz + )/J‘al( L+ >)—1

Applying the inverse Laplace transform (3) and (5)

with D(s) = p/sT (D(t) = Dt”*I/F(n —1)), we ob-
tain that
1 r, 1
p(rt)= _F(l ) /0 dr (-1

/dr’r/N 1G rr s)p

+/ drp(t—7)

. 3 )
~{bNel / dt' ¢y, (t — 1) WG(I", vt
0

r'=b

r’=a}
[ -

2+6 ZanWn kn»r)l//n( ny ) (10)
‘Eyiny (—Dhat™ ™M)

—gVo- l/dtd)at—t)aa G(r,r'st")

with

G(r,r';t) =
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Fig. 1. Behaviour of p(r#) versus r obtained from equa-
tion (9) for typical values of 6, accomplishing ®,(r) = 1
and @, (r) = 0. We consider, for simplicity, D =1, N =2,
a=1,b=3,t=1, y+1n = 1/2, and the initial condition
p(r,0) = 8(r —3/2)/rN=1. Note that the value of 6 mod-
ifies the diffusive process of the system and for 6 < O the
diffusion is faster than 8 > 0.

where Eq g(x) = Y, _ox"/I"(B + an) is the general-
ized Mittag-Leffler function [33] (see Fig. 1). The pres-
ence of this function in above equation indicates an
anomalous dispersion of the solution due to the pres-
ence of fractional time derivatives in (2). In particu-
lar, it is interesting to note that the time dependence
in the diffusion coefficient also produces an anoma-
lous dispersion of the solution and, in particular, de-
pending on the choice of the time dependence different
diffusive regimes may be obtained as mentioned be-
fore. The anomalous spreading may be verified by an-
alyzing the dispersion relation, i.e., 6% = ((r — (r))?).
For the case characterized by the boundary condition
given by p(a,t) = p(b,t) = 0, the initial condition
p(r,0) = 8(r—7)/t"N"" and 6 = 0, we have that

21)= ()~ (2-80))(r)?

(see Fig. 2) with

Y

(P) = i N+1J\0€|(k’1a) _g!
ﬂsz J‘a|(knb)
W (F,kn)Eysn (—Dhgt ")
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Fig. 2. Behaviour of 62(¢) versus ¢ in (11) for typical values
of Y+ n by considering D=1, N=1,a=1, b =3, and
p(r,0)=8(r—2)/N-1.

B 2 2NN, <b_j%f_1.]|a(kna) —a%f_1>
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=T (sl
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W (F,kn)E —DI37n
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and

. M_l-]\al(kna) N_q
S(t) = (b 1T ———C—q?2
)3 mk? Y| (knb) (14)
W (7, kn)Eyin (—Dicyt 1)
(see Fig. 3). Note that the quantity S(¢) = ff drrN-1

-p(rt) is the survival probability [41], i.e., it is re-
lated to the quantity of particles which are present in
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Fig. 3. Behaviour of S(r) versus ¢ in (14) for typical val-
ues of Y+ 1 by considering @,(¢) = 1, ®,(t) =0, D=1,
N=1,a=1, b=3, and the initial condition p(r,0) =

S(r—2)/rN-1.

the region defined by the interval a < r < b. This man-
ner, the quantity 1 — S(¢) gives the quantity of par-
ticles absorbed by the surfaces, i.e., removed of the
system.

Now, let us incorporate in our analysis the external
force F(r,t) = K/rf (¢ = 1+ 0) which can be derived
from a power law potential and has the logarithmic
potential as particular case and a reaction term rep-
resented by &(r,¢). In this way, we expect to extend
the previous solution to a broader context in order to
make possible the investigation of, for example, drug
absorption or deliver [42], tumor development [43],
and heat production [44]. Employing the previous pro-
cedure, the solution for (1) subject to the previous ex-
ternal force and with reaction term is given by

p(rt)=
1 ! / 1 b IN—1 7~ /. N~
_F(l_y)/o dr (t_t,)y_I/a NG P ()

t b -
—/ dt// dr/NflG(r,r/;t—t/)ﬁt(r’,t/)
0 a




E.K. Lenzi et al. - Fractional Diffusion and External Forces in a Confined Region 427

+/ drB(t —7) {bN‘9 I/dt(Pbt—t)aa G(r,r:t) aVNo- I/dtd)at—t)aa G(r,r';t) } (15)

r=b
with the Green function given by
~ [Y 1,-2’% >
G(rr'st) = — v Zan[/n Ky 7' YW (e, 1) By o (—DIZEY), (16)
where
_ 1(2+o-N-K 2k, 1 2k, 1
llsr) = A 0B g (e s (i)

A7)

2kn  1oie 2kn  1a40
_JV<2+GQZ( ' )> _NV<2+ 5"

with v = (~V+x/D)/(2+ 60) — 1. The k, are obtained  This result extends the results presented in [30—32] to
from (7) by replacing the index « of the Bessel func- the A-dimensional case, and recovers the results ob-

tions by the index v and finally, with the normalization tained in [38] when the external force is absent for
factor given by n = 0. In addition, the results found in [29] and [45]
are also a particular case of the above equations. By
. (18) applying the limit » — o in (15) and also considering
IVI ( a3(2+o ) /J ( 2kn_ bz 2+9)) 1 the boundary condition p(es,#) = 0, we obtain an in-

teresting result. It is given by

1 | RV ~
p(nt) = F(l—}/)/o dr t—f)Y/o diV T B (R G(r )
t 7 B B aJ
/ dt / dr' NG (- a(F ) —aN“"l/O dt/o dt'D(t—t)(Pa(t—t')Wg(r,r,;t')
(19)

_ k2

Nn =

r'=a

with the Green function
2171 e ky (7, k)W (r,k)Eysn 4 (—K27T)
2+0 2 2+0 lo+e)\’
+0Jo J‘ ‘( az(Jr ))+N|v|(2+6a2(+ ))
Note that this solution is restricted to the interval a < r < « and may be extended in order to cover the interval
0 < r < oo, In this direction, we need to take the limit @ — 0 and the restriction 2+ 6 — & — k/D > 0 in (20) to

preserve the boundary conditions (0, 7,7) = 0 and g(ee, 7,¢) = O for the Green function. These conditions lead to
the Green function

3 20771 L(aye- 2k 1 2k )
g(r,r;t)Z‘ere(”)z(+ / dkkljv, (2 0 Z(M)) vi (2+e 2(2 9))E7+w(—k2”)~ o)

For the case v = 1/2 and 1) = 0 the above equation may be simplified to

(20)

(v/2,7/2)
ol 7:0) =~y D) g | 2o s
2tV o (2+6)vptY (0,1)
(22)
) . , (r/2,7/2)
10 ﬂ(z+e)+ﬁ(2+e)’ ,
(2+6)vDtY 0,1)

where Hp'y' [x| EZ: 2:)) ] is the H Fox function [46]. For y = 1 with 1 = 0 we have
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- 1 . 1(2+97N75) L (20452+0) (ri)>+0
)= —— 2 D (2+6)2Dr I 23
g(r 1) (2+6)Dt(rr) e v\ 2xeym ) (23)

where I, (x) is a Bessel function of modified argument (see Fig. 4).

The external force worked out above may be extended by incorporating a linear term, i. e., —kr, which results
in F(r,t) = —kr+/r® with € = 14 0. The solution for this case is formally given by (15) with the Green
function

a(rnr1) = b i N W (1,20 )W, (F, A ) By (D271 7HT) (24)
n=1
where
V(1 2n) = @ (LJ%%) 4 (L,ﬁ;(zkf’:—;p) - (In,ﬁ;(z"f—;;) 4 (LJ%%) (25)
with A, = —14,/(2+0)k, B = (x+ND)/((2+6)D). ®(a,B;x) is the confluent hypergeometric function,
(e, i) = %@(a,ﬁ;xn %xl‘ﬁcp(lJra—B,Z—ﬁ;x).

The eigenvalues A, are determined by the equation

_ kb2+9 _ ka2+9 _ ka2+9 _ kb2+6
*(Fetigars) * (bt~ (P e (P ga) 0 @0

16 and the normalization condition is given by N, =
—x=1 K k2O .
I A S o 1/ [P drN 1" De @D (r,A,). Notice that (24)
may be extended to the interval 0 < r < oo by taking
; ! the limit ¢ — 0 and b — oo accomplishing the bound-
1.2+ ary condition limp,_., p (b,#) = 0. In this direction, after
": some calculations, it is possible to show that the solu-
104 tion is given by
= 3 p(rt)=
- 0.8 1 / ! 1 o _
~ — dr / d?f"\/_lp F)g(r, Fys
= Fa—1h YT b DEET) o)
0.6+ ; t gt o 0
—aN‘e‘I/ dt/ dt'D(t—7)9a(T—1") == o(r. 1)
o Jo or V—a
0.4
with the Green function
; 240
0.2+ g(r’ r/7 [) = —r%t77 1 e_ (2+6)D
- ' - (28)
0.0 ey T . r T T .
0 1 2 3 4 Z

Noa W (1, ) W (7, An)Byiny (_Dlr%tﬁn)

n=1

. . _ . with the eigenfunction
Fig. 4. Behaviour of G(r,7,¢) versus r which illustrates equa-

tion (23) for typical values of K by considering, for simplic-

kr2+9
ity,Dzl,NzZ,tzl,Fzl,and(-):l. li/n(r,)yn):L;:l (m) (29)
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and

K+ND
A_< k ><z+e>D 2+0)(n+1)

" N
(2+6)p r ((’316)7137 +n>

where & = (k+aD)/[(2+0)D] — 1, LS (x) are asso-
ciated Laguerre polynomials, and A, = (2 + 0)nk. It
is interesting to note that the solution for cases ana-
lyzed above may present a stationary solution depend-
ing on the choice of the time dependent functions @, ()
and @), (7). This feature indicates that the fractional time
derivative and the form of the time dependence of the
diffusion coefficient may be useful to describe systems
with anomalous relaxation which have as stationary so-
lution the usual one.

, (30)

3. Conclusion and Discussion

We investigated a ~-dimensional fractional diffu-
sion equation with radial symmetry accomplishing ex-
ternal forces and spatial and time dependent diffu-
sion coefficient. We also consider the arbitrary reaction
term o(r,¢). Equation (1) is firstly analyzed by consid-
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